Abstract. In this paper, first, we prove that the Diophantine system
where k ≡ 0 (mod 4) when a is even, and k ≡ 2 (mod 4) when a is odd. Third, we get that the Diophantine system
f (s) has a five-parameter rational solution for f (X) = X(X + a) with nonzero rational number a and infinitely many nontrivial rational parametric solutions for f (X) = X(X + a)(X + b) with nonzero integers a, b and a = b. At last, we raise some related questions.
Introduction
The kth n-gonal number is given by P n k = k((n − 2)(k − 1) + 2) 2 .
For n = 3, P 3 k = k(k + 1)/2 are called triangular numbers. In 1968, W. Sierpiński [14] showed that there are infinitely many triangular numbers which at the same time can be written as the sum, difference, and product of other triangular numbers. For n = 4, P 4 k = k 2 , it is easy to show that (4m 2 + 1) 2 is the sum, difference, and product of squares. In 1986, S. Hirose [10] proved that for n = 5, 6, 8, there are infinitely many n-gonal numbers which at the same time can be written as the sum, difference, and product of other n-gonal numbers. The cases with n = 7 and n ≥ 9 are still open.
Some authors proved similar results for the sum and the difference only, such as R. T. Hansen [8] for n = 5, W. J. O ′ Donnell [12, 13] in cases of n = 6, 8, H. J. Hindin [9] for n = 7, and S. Ando [1] in cases of general n. In 1982, L. C. Eggan, P. C. Eggan and J. L. Selfridge [7] showed that for every n, there are infinitely many n-gonal numbers that can be written as the product of two other n-gonal numbers. In 2003, A. F. Beardon [2] studied the integer solutions (n, a, b, c, d) of the Diophantine system P (n) = P (a) + P (b) = P (c) − P (d), P (a)P (b)P (c)P (d) = 0, where P is a quadratic polynomial with integer coefficients. Some related information on n-gonal numbers could be found in [6, p.1-p.39] .
A natural question is to consider the integer solutions of the Diophantine system
where f (X) is a polynomial with rational coefficients and deg f ≥ 2. By the theory of Pell's equation, we have: Theorem 1.1. Equation (1.1) has infinitely many integer solutions (z, x, y, u, v, p, q) for f (X) = X(X + a) with nonzero integers a ≡ 0, 1, 4 (mod 5).
Theorem 1.2. For f (X) = X(X + a) with nonzero integers a, if there are integers m, n, k such that
where k ≡ 0 (mod 4) when a is even, and k ≡ 2 (mod 4) when a is odd. Then Equation (1.1) has an integer parametric solution.
To study the integer solutions of (1.1) seems difficult for general polynomials f (X) with deg f ≥ 2, so we turn to consider the rational parametric solutions of the Diophantine system
For reducible quadratic polynomials, we prove the following statement. Theorem 1.3. For f (X) = X(X + a) with nonzero rational number a, Equation (1.2) has a five-parameter rational solution.
For reducible cubic polynomials, by the theory of elliptic curves, we have:
with nonzero integers a, b and a = b, Equation (1.2) has infinitely many rational parametric solutions.
The proofs of Theorems
Proof of Theorem 1.1.
(1) The cases a ≡ 0, 1 (mod 5). Let us start with the equation f (z) = f (p)f (q), where f (X) = X(X + a). Write q = p + k for some integer k, then we obtain
The polynomial part of the Puiseux expansion of
is given by ak + 2(a + k)p + 2p 2 . If there exists a large integral solution, then
We get in this case that a 2 (k+1)(k−1) = 0, that is k = ±1. In these cases q = p±1. If k = 1, then we obtain the solutions z = p 2 + (a + 1)p, or −p 2 + (−a − 1)p − a. If k = −1, then we get z = p 2 + (a − 1)p − a, or −p 2 + (−a + 1)p. Let us deal with the equation f (z) = f (x) + f (y), where z = p 2 + (a + 1)p (We only consider this solution, the other should work in a similar way). We obtain
Take y = x + b for some integer b. It follows that
It is easy to provide infinitely many parameterized solutions by the formula
When m = 0, it yields the trivial solution with x = 0. When m = 1, we get 2x + a + b = 5a + 7b, 2(p 2 + (a + 1)p) + a = 7a + 10b, then x = 2a + 3b and
From the second formula, we obtain (p − 3)(p + a + 4) = 5b − 12.
If we write 5b − 12 = b 1 b 2 , then we have p = b 1 + 3 and b 2 = b 1 + a + 7 as a solution.
Here we need that
Up to now we constructed infinitely many integer solutions of the equations
so it remains to consider the case
As a solution, fix b 1 = 2c − 3 and we obtain
According to the other variables we have p = 2c, q = 2c + 1,
To get integral values of x, y, u, v, we need the following conditions a ≡ c (mod 2) and 4c
, from the second condition, we have
From the first condition, we get a ≡ 0 (mod 10), c ≡ 0, 2 (mod 10), and a ≡ 5 (mod 10), c ≡ 5, 7 (mod 10). For a ≡ 0 (mod 10), take c = 10t, or 10t + 2, where t is an integer parameter, we have From the first condition, we obtain a ≡ 1 (mod 10), c ≡ 1, 3 (mod 10), and a ≡ 6 (mod 10), c ≡ 6, 8 (mod 10). For a ≡ 1 (mod 10), take c = 10t + 1, or 10t + 3, where t is an integer parameter, we have
For a ≡ 6 (mod 10), put c = 10t + 6, or 10t + 8, we get
(2) The case a ≡ 4 (mod 5). Let us note that Equation (2.1) has another family of integer solutions
When m = 1, we get 2x + a + b = −5a + 7b, 2(p 2 + (a + 1)p) + a = −7a + 10b, then x = −3a + 3b and
From the second formula, we obtain (p + 4)(p + a − 3) = 5b − 12.
Writing 5b
We only consider the case a ≡ 4 (mod 5) in the following.
As in the first part, take
, we obtain
If a ≡ 4 (mod 5), b 1 ≡ 1, 2 (mod 5), from the second condition, we have c ≡ 2, 4 (mod 5).
From the first condition, we get a ≡ 4 (mod 10), c ≡ 2, 4 (mod 10), and a ≡ 9 (mod 10), c ≡ 7, 9 (mod 10).
As in the above, we can take c = 10t + 2, or 10t + 4 for a ≡ 4 (mod 10), and c = 10t + 7, or 10t + 9 for a ≡ 9 (mod 10), where t is an integer parameter.
Combining (1) and (2) completes the proof of Theorem 1.1.
Example 1. When a = 1, c = 10t + 1, then Equation (1.1) has solutions z = 400t 2 + 120t + 8,
where t is an integer parameter.
Remark 2.1. It's worth to note that we have other possibilities to obtain integer solutions if a ≡ 0, 1, 4 (mod 5). When we apply the same idea using the other family of solutions with
, we do not obtain new cases of solutions.
Also we only used the first non-trivial value of m in case of the general Pell's equation. To cover more classes one has to go in these directions. For example, when m = 2, from formula (2.2), we have 2x + a + b = 29a + 41b, 2(p 2 + (a + 1)p) + a = 41a + 58b, then x = 14a + 20b and 
To get integral values of x, y, u, v, we need the following conditions a ≡ c (mod 2) and 4c 2 + 2ac − 20a + 2c ≡ 0 (mod 29).
In the following table, we give the conditions of a, b 1 , c such that b is an integer. For example, when a ≡ 0 (mod 58), we can take c = 58t, or 58t + 14, then
In view of Theorem 1.1, the cases a ≡ 2, 3 (mod 5) are not covered. To get more a such that Equation (1.1) has infinitely many integer solutions for f (X) = X(X +a), we use the congruences modulo 29 in the above 
Note that Example 1 gives an integer parametric solution of Equation (1.1) with f (X) = X(X +1), we try to generalize these formulas and get the proof of Theorem 1.2.
Proof of Theorem 1.2. Firstly, we study the equation f (z) = f (p)f (q) for f (X) = X(X + a). Take p = At + k, q = At + k + 1, then we have
Secondly, we consider the equation
To determinate the coefficients of u, v, by the method of undetermined coefficients, we obtain
In order to find a solution of Equation (2.3), let
Put B, F, G into Equation (2.3), and solve it for C, D, E, we get At last, we study the equation
To determinate the coefficients of x, y, by the method of undetermined coefficients, we obtain
A(a + 2k + 1)(2ak + 2k 2 + a + 2k) = 2IJ + 2LM + La + Ia,
Solve the first equation of Equation (2.4), we get an integer parametric solution
where n > m are integer parameters. Take A, H, K into the second, third and fourth equations of Equation (2.4), and solve them for I, L, M, then
Put M into the firth equation of Equation (2.4), we have
Hence,
According to the other variables, we have
To get integral values of x, y, u, v, we can take t = 4(n 2 + m 2 )T , where T is an integer parameter, k ≡ 0 (mod 4) when a is even, and k ≡ 2 (mod 4) when a is odd and the following congruence conditions
This completes the proof of Theorem 1.2.
Example 2.
(1) When a = 1, f (X) = X(X + 1), we take (m, n) = (1, 2), t = 20T, k = 4k 1 + 2, then we get the conditions (2) When a = 2, f (X) = X(X + 2), we take (m, n) = (1, 4), t = 68T, k = 4k 1 , then we have the conditions Proof of Theorem 1.3. For f (X) = X(X + a), let z = T , the first equation of Equation (1.2) reduces to
This can be parameterized by
where k is a rational parameter.
where t is a rational parameter.
where w is a rational parameter. Take s = mr, from
,
where m is a rational parameter. Put T = − a(aqw + q 2 w − 1) aqw 2 + q 2 w 2 − 1 into x, y, u, v, r, s, then Equation (1.2) has a five-parameter rational solution. Let z = T, and consider Equation (2.5) as a cubic curve with variables x, y:
By the method described in [4, p.477 ], using Magma [3] , C 1 is birationally equivalent to the elliptic curve
The map ϕ 1 :
and its inverse map ϕ
.
The discriminant of E 1 is nonzero as an element of Q(T ), then E 1 is smooth. Note that the point (x, y) = (0, T ) lies on C 1 , by the map ϕ 1 , the corresponding point on E 1 is
By the group law, we have
A quick computation reveals that the remainder of the division of the numerator by the denominator of the X-th coordinate of [2] W with respect to T is equal to The second one is
Take z = T, and consider Equation (2.6) as a cubic curve with variables u, v:
By the method described in [4, p.477], using Magma [3] , C 2 is birationally equivalent with the elliptic curve
The map ϕ 2 :
The discriminant of E 2 is nonzero as an element of Q(T ), then E 2 is smooth. Note that the point (u, v) = (T, 0) lies on C 2 , by the map ϕ 2 , the corresponding point on E 2 is W ′ = (108T 2 + 108(a + b)T + 12a 2 + 96ab + 12b 2 , 324(T + a)(T + b)(3T + 2a + 2b)).
By the group law, we get By the same method of above, we have infinitely many Q(T )-rational solutions (u, v) of Equation (2.6).
The third one is (2.7) z(z + a)(z + b) = p(p + a)(p + b)q(q + a)(q + b).
Some related questions
In 1986, S. Hirose [10] conjectured that for n = 4 if (n − 2)P n k − (n − 4) = 2P n l , then P n P n k = P n k P n l can be expressed as the sum and difference of two other n-gonal numbers. It is difficult to prove it. Following this idea, for n = 12, we find an example: Question 3.1. Are there infinitely many n-gonal numbers, except n = 3, 4, 5, 6, 8, which at the same time can be written as the sum, difference, and product of other n-gonal numbers?
In Theorem 1.1, we give infinitely many quadratic polynomials f (X) ∈ Q[X] such that Equation (1.1) has infinitely many integer solutions, but it seems difficult to solve the following question. 
